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SECTION lo

Introduction.

Thle inclusion of' a section on f actor- analysis in a

monograph designed to review the literature,, ondis'" m

natory analysis may require explanation, It%4ýaems apparent

\tha a t-ecmniqiia As c'- osel' related t h eta~rbe

-or e, gasif Icatiton as 1'aotor analyis.odenrntth

a , lavey but 'the "decision to devote a seec.tion to -Ait was b ai~ed

m~ainlly on'two consiideratlons. One is -the very ,iwidespres !d

in'tei-st inthe Wh~c ich a5 e'ete. tet in thie

en ormo u a orn o un t of li'teratiire in Which- the _'va4,6.-o sutl1`brs

have been con er~ned. ,witb mJfan'j differ eri+-- of- c o

analysis and its rel~tons t~i other -i~tq istical teqhni!,ues.

-,The second r'bascorL relate~s to'!the re80ai~ch vh of 'thd .pro-

'ject. We f o-and thatj in a re at M p~ny Pgases, the pbputa'tionis

=in which we will beinterosted have beep analyzed by'h

factor mieth~od. It, seemed i'eleyant then'to make nlore' than a

cui'~ovy survey of the fl~-

Eo0wever, because factor !4nalyais Is subsidiary, to -the

main subject of thia r'eport and because the material is

readily accessible and well-doc'wnened, a somewhat different

p Ian has Veeni adopted for this section. No atterpt has been

mad topreenta~cz~lete bibliogr'aphy since this would mean



a duplication of (kxistin- lists [Dodd (1928), 14olfle (90

and Swinel'ord and hrolzin~er (1936 on)>. Thd, paper ts given In

the bibliography have been classified accordning to their main

point~ of' interest and are listed with roference to thi~s classi,'

fication a~'ter the pertinent discussion. Also, since there

--- are excellent texts and survey articles wh~ich su~mmarize and -

Oompar'e the existing techniques, ane since a complete dis-

i!cussion would be impractical, wve were concernied withý giving

a picture of the basic problem and then briefly sketching in'

the developments. s Th ~eSo plac~ed upon- the- questionz-Whichi *

are to be answered_1,.y. ho tor analysis differs_ from that found *-

in. psycho16bical.ýdiscussions. since the notivatkion ia quite

differentti..In this conndetionj it should be 1.iaeritionod th~at

the reetl tatde iodcalj, tl,.e 3ritish;'Jouralo

Psych~olog--Statisticaý Sectioni, a a deiit olioyof

-.presenting e poiqPo s. papers desianed,for thie n9n-peti
'to -papers---'7, i

its field. There have been excellent articles on f actor anal-y-

Sits and- its relations to Vvaiu-us. topics.

IAould 11ike to th~ank Profeaspcr J L. _Hodge s Jr.i and '

ji Professor E., L. Lelnamabn f or their' !very great help in the pre-pa-

* ration of this~sectli6i. j
Bibliogra~phies: Dodd, (1928), Swinefopd and lio2.zirIAr in `6

on), Woifle (1940).>

Texts. Brown and Thomson (1940), Burt (1940), Holzin~e-r and

Harman (1941), Kelley (1928, 1935)2 Spearman (1927),

Thois~on (8aThorndike, EL.(1913), Thurs-tone

2



Survey articl~es: B~artlett (19307). Burt '(194p9a, b), Conrad

(19tý4)p Cure-ton (1939)9 D~.rmois (1940)s liartog et a

Linot (1933), PlaG!Elo '(1933a), ThOVmlson (19,38a, fv,1939,

/1!3
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SECTION 2.

Origin of Factor Lnlý.s

--The starting point of any stream~ of thougLht is always

*poorly defined. but we have selected. the two s~ittat-Lons which

s seem to have gi'veri definite forn-ulations to the motives, and

inethods vtho ar~al-ys~l one preced~ing; the terminolpgy

nojV emplcýýYed, the other, a catalytic ag'ent.. "'We havedes-

cr~ijed ýhe~ Th .,sorne detail because'they give an answer to the

.ýu~es tion oft tn asked, "VWbydo people fact(691 4.ar sug-

6estive of thý,i ines of th~ought which f a ,t or, a na ys t- have,

The. ýirt situiation was on":e o -pxý~aqtical importne

The Central Mletric Of 11 6e, New Sco.tl~gnd Yards, was. Pac edrjw ith

V. the~ problemn of constructin- 8 ýfiling system which wouldq~per- - .
m it ready clsiicto and identif ication of' criminip-l&. on

the basis o'thieir physicalrriaueet.Tesse o

measures tentatively dote was'. that- of iertillon and c'6n-

Sisted in twelve meqsuloes on each individluel. The proceedure

f ollowed wa-. to divide each rrfeasure into three clasaes, small,

m~edium and largýe, so that each class contained, Approximateoly

equal n~unbezra of Individiials. T~his meant that* each individual

w~ud allino o~eof 3 cate~ories when all twelve imeas~ures

ylei-e considered, a-rd it was their hope thlat eaclý of.,thase,



categories would contain approximately equal numbers. Actu-

ally, of course., this did not happen and the Central Office

then used the pracltcal expedient of breaking; up each of the

three divisilons small, medium; lar~e of, one measuzrej say kcnee

height into thrQ.o subdividions 1' orme d by such values of a

second measure, say stature, so that there are approxiiniately

equal znumber; in each off the subdiyisipns. This meAans tha t

for-staturpe -the division-points YLf~r small k~nee heig~ht, are not

nece~ss~vfrily the same as the division points, for large knee
-heights. .:11' this method is continued by breaking up each of

these nine subdivisions into three6 parts f1'ormed by such values

of a third measure,, say dubit,. so' that there- -are- approximately,

eulunbe-rs, 4rnid so on until,.all. twelve meast'ras -have býeen

accounted f'or, 'one ari`ives ýt~the.L-Loal OT ý0a-ving a pproximatýly

eqiuý.l nurb e r s ii A each. of' tfr' 3 pct~rieq. Eowever, practi-

cal as. the melth,- d may-be it leaves a at deal to be desired

l'theore-bically. V atoj who was forJ4,ain's idcao on corro-

lation at this time,. became interested in th e..problem and -

pointed, out that the measures wiere--not independent and ther3-

fore that one could not-.hope,for equal-,numbers in-their first

trial, Ilie ;)i~oposed th-at the obse've~d ,rieasurements be "t r.n
muted" into a set of independeit irea. nes, bn U esd the

method- of transformation which is now knownl aS. simple or uin-

weighted 3urmat.ior in factor analysis termiiolo~y. We f ind1

als3o, in Galton's papers the sugg6estion that correlations ma3

be regarded as being partly due t~o comhiron ,.cause s, and tha t-. W
when there aro several unobservable caeuses the resulting



variation na-y be re-ar-dod As the sum of the se-parate coritri-

butions. EýdgewDrth'and Karl Pear'son bec'arie~ intere~te'd in the

problem and the solution by means of "principal akes" better

known now, as thel method' of principal, components# was given by

Pearson in 1901.'.,

It se6ems -Alv~t to translate this problem intolthe

terrnin~olo~y of-fabtor .analy-01s. One should remember% that most

__ of the work in factor anaD.-;ji s had been done -in psychology',

and education-and. that. theipefore*_the ).afiuate used is rmpre,

directly applicable to th-ese fields.. F;-equentl'- a word has

a differeAt eonnotat'ion in m ath emat ics And sbatistilcs.- For

simplicity, lot us consider only three of the Bert5.l1lon

measures,- say, sttrc tand knee height. I hseape

the poulation- in. which we-, are interestei ii s Bir 1t ish -Criminals

and thýe b'-ýt teAr of to~ts-,i.s tho Se of- three eauni'4s
whi~i"ar t~ bma de e i ter- on ch, in dividual of th e 6 onu-:

lati-on or on -6'ach: individual in "a' ~aaple of indti-vidua-si _se

lected from the population of ckmirnnals.' Thus" tast i'S use d

here da, the generic' name for any measurable quantity. Now

qUppOs6,, that we measure each criminal iih. Great 3ritairn ii~ the

year;l-88O with r~espe ct' to stature., cubi~tand knee height,

Then'the'se measures are imown as the be~t scores or Uhe ý,qe

thait la the score of individ.ual A on -the telst "lstatut~e" would

in this case ba the .heiLht -of A- Tile s ores are statistical.

variables and will ordiharil,, be correlated. In thi s instance.,

* we would be surprised indeed if the l6n~th or a man'ts arm f rom:

*the elbow to the end of the middle finter were not related to



ýthe length of his I~ f rom the knee to the ijroumd. Tt seems

inevitable th@at 6ne shouldc1 look th~in for the reason that a

taller mrllan, say# should haV6 ~t lon -er lee~s a.nd lonG~er -arms.,

It also seems plausible that i f we can find t1bis reasbon or/

common cause, that it will hýave Tmore stable prop ert ieas than

.the scores themselves. Jut Just as. it is possible, to t'ike

more than one measure of length on an individual, vie must ad-

M~it 'the _.possibility. of mo.e tha Oe k~~or for the cOrr a-

lain'eobev 0 _The next stop- ponsi ts in :visualiz'n

tha~sna~5~~tC.varilbl~es, t-.hat is* we thiin., of

them as hypothetical tests for which ,each in-diviaual has a.

score but, unfortuziatelyp -a score w~~.i.ntdiree tly deter-

minable. The s implesat, 4s suip ti ot th1 a emda&oe

that does no-t seem to~o unreasonable, istfhdt the observ~ed

s-cere -is simply the suna of--the hypothetclsos.IHwvr

on-fisntuiti`-ly- th-t'.causas will have-differ"n -in-,
oc en -

f . lue'n''e z on diffez:ent- teats and one. is--1qd, theoretore! to

consider a wihiAra th er than An u~nwei~hted sum., In a r

analysis terininolo'[y, the hypothetical tests are the-fuctors,

the amount, of anly Tac tor which a n Lnd I v idiia 1 posses.seq -i his

factor score for tha t factor-and, finallyy the 'WeiL~hts whibh ... ...............

we 6LbU ach to the La'ct or s "i~a the s,, ii aa t ion are the factor

loadin~~s.

To re~turn to our-exarnple, we mightt postulate -he cx-. -
istenco of a single factor, say, a zilze factor. Tn.rds would

be. beriacd a 1rer. factor since it -hnr,-as non-zero loadin-s'4'or

all tests. if our h.ypothesis we're trueA, perfect corr'ela tr.ln

8 - It



would exist since stature, cubit' and knee length' would all b*

proportional to the si~ze faator' hs oeer'~nttu

but It may be. that t;,he dipartures. f roii;pq~rf ec't pz1iof~ortional-

ity are due to chance acceleration or retardati ot to"f the

gr~owth mechanismp that i1s I -e oul d ticof _each of our

seare't As being composed of a. 'Ttrue fatitor scoriLl-lus 'an

amount due'to, chance fluctuatioz:B.. ~h 6 latter is knowu as

_,the error factor. I f we ihink of the scoe .- cf each-1-di----

"'idna1 as represent~Ing a 7p~oiýnt i ý t6 ' ee d s o a - - s a

_ýh. rs -- ote s---i 6

th±\ irt ypoheiswoldM-ga thit-all- of th6,,pointts-would-

-"lie e~autly oi:ý a straight 11ine f~n this spacs whjlal the s e o~

woi.lld assý =e a, Scattering Of; p~ints ab-out.h iinev rather

like6 a enail, ,of poiný_s. Againp we May'.. discard this hypothe-ý
'I!

61 s and Say that meO need more than an erroi~ factor to exp la.n

s.ttbr' W e' may the n '~1ptr with or vihith-

9ýtan error fac tor..-,'1If efthi xi 6-thos e_ a s-9 unptions-& -g cor-
~i~ut

fject, theD points would spread o ona plane or cluis'ter. -about-~

.J. pl-an inaarnee t~ f the' second-factor
had non-zý,ro loadings in'at least two or th.tuests it would

be called a com~mon factor.

A~c~ommon factor that ha~s non-zero -loadings in all 'te~sts

is usualli terrnqet a general factor. 6oev~'r o-ur se6nd

factor has only onie non-zero loadinag it would be calledý a

výN
spec~fic fa-ctor%& The psychologist makes a d~istinction between

the gpecif'ic factor and the error factor on one hand and be-

twecz4r. the specific factor and the common factor on the other.

Consi~der the-case-of/a batr h~etss n arithmetc
-,L batr fth*OI-tetpa c



-test, a langu4age test and a form-recognition test.. Tjjpox--

perini~ntei' believes that there Is a certain basic abil~ity1

which will operlate no matter which t~es w -e consider. Thore=

fore, he pos~1Aates a general factor, say. an inteiligence

factor. But'hq, bqlieves that there6 is another" ,ability con-

nected with nu~mbers and'how much, or how little ,of thi s a-

bility.-an individu~al has will not a ff acat" 41 sco re, on eitbher

the -laxnguage'O -0-r-rcon-in.taA or.jm 1 RnlA~rlh h___

feels ~ ~ Uý ME he&s -anWbl- ~yw ch--cocmeG-S in to usAXnthe,--==- .

language test but not--on the- other two, -likewvise wi th re--_
spec totqf'irFeis wr.o

spec totheforn~-cconi'tion tcot Al oj -he saae

the -f ac t- that th,;e scores 'he- observes, ar ujc o ran~doi'

z~ors, say f~romr judgment in scoring~, ̀ a momentr itato

.of an individual while taking the tests etc., For, his anay

hgisj. 'then. he-would p~ostulate- that the Aihei cr

c-mposed of an intelligzence fac, tor score (eI~r±e al. fac"tor

-Plus.a nmer factor score ý(specific 'factr pu n ro

factoi-. s~ore' the language score eual'a-a~i intellige6nce fao-

"* t~"SC~re (&neral (f actor) pilusi-a-word fluency score (speci-

tijC. fadtor) plus an error' d.6oreti a - ixrA"as tl)4 the form-

-~recognition score equals lan intell.i~ence factor score (general

* faCtor) plus, viulzn actor ".score spjecific-factor) plus

a n error factor score. <

You will'notice that ti.A rea is aft e6mbarrassing ,.,amount of

freedom--if we have the score a- on each, of the threo tests for

ten individuals, there will bei.30 eqaations but,*we have postu-A

lated one genepal plus. three specific.n lu 30. erlror factors or



3t4 variables. In tho theory builti' upon the hypotbesis that

*each test clontains a speci~fic fact~ort, it has k--een found that

one can isolate the 8reneral and~ comitnon factor~s but that one

cannot separate the specific fa~tor from the error factor-. The

main concern of the psycholog~ist hihs, been with common factors..

sine h i inerete in~± 'hge" abilit ies or factors

rastheig than in diucovering'all the a~bilities present In a

given-'test. The last phase of factor ana2lysis is concerned

-- -kv'-~ 'psyc Ig hological-siLr ifi-cance to the rectors, extract-,

aed*-hee~ beeq-Vmuch di scussiqn- as to- whether factors ar-6

- prim&rl o~alenati.. al- ýrtif acts or Whether they represent

the ultimate and basic mental abi-liti~es oriwhether they-lie

somewhere between the two extremes. kost psycholo~ist's be-

long to themiddleýjof the road scho~ol and emphasize thie ex-~

ploratory nature -of the technique,.

.To- return to- the' history of_ factor anadlysis, after

Galtont th~e next significant \Ievelopment in the thought pat-

tern was due to Spearman. (1904.). Spearman was the .'first- to

notice that..t whon one deals wit-býthA intercorr~elations bo~tween'

many variables and arranges thorn in the familiar marxP\t-

tern, then the coefficients in -any two.,columns tend to "have.

a constant ratio' throughout the column. Spearman called this

tendoncy "hierarchical order"1 and in\,eyplanati~on he pout forth

the hypothosis that all"_ýhe 'correlations were due t o a single

factor which is present in every test but in varying degrees.

In addition,, each test has a second factor which .is peculiar

to the- test it-self. This hypothesis is now knowna as tile



theo;.y qf two factors# althoi~h, Jan facto the nimiber of factorb

is onie plus the nt~ber of tests. It is interesting in view of.

the present quest for meaningful factors that Spearman desig-

nate~d the general factor by the letter "g" because he was re-

luctant to attach psychola~gical significance to it,

Articles' of historical interest.- Edgeworth (1892a, bp 1896),q

G. alton (1888)j Garnett (1920), -Pearson .(1896a, by- 1901!S'

1902, 1911), 9.Spearman (190L),Yule (19.101 _ ! _
L___ -(89 ' 1907 - II

Al1

kxI



SECTION 3.

_Sta~enent of the Problem of Factor Analysis.

The problem of factor analysi's is one of analysing a set

o. e ,,r.at . cal1 ed factors t consistent with cer-tain £ c s f ,_ _ " a

" -a•Id ass umpti-ons , Let Y--i' l,-2, . p be --prndo-m

variables which h _ve been normalized so that.

.E ( Y=) 0 , =yi, 1 = 1 , 2 s , p

"and denote the coefficient of "oorreiation between, Y1 'i.d

Y biy 
A

2 It is postulated that: 
I

MU
(1) Y: = . x, + 0 , i 1 2, ", p, m p

k~l
k.~ ,l k :1 '". 

-- " " t

w h e r e X k , k =k, 2 , . . ., i n a n d a I , i = , 2 , y- - a zrb e

variables and the elk a reo constant coefficients. It is fur-
S •-ther postulated that

E(Xk) = E(QI) =.0, k = 1, 2,.-., m i l 1, 2, *'., p,

.- and that Qj is uncorrelated with all other variables so

that

I
I



(2) E(aiaj. = E(caiX3 ) = 0 for all va]>ues of i, J and .k,

Then, for all i, .j, " F - -

m.

- ' . () E(Yj -2 Jk _i ý r
k,-l -',

and
_ _ _' 4) _ _J _( i J __.... .e k j~~___, i_ i _

_ (Lj f~ E(Y Y )= C' c
.I k=l h=l

_ _ _ " _ - .. . _ _wh er e, -. .

(x 3•

- E(X1X)-4

2... = Y %

It will b e enet to usp the,•rminology of frac tbr . .

"9analysis as 'defined in the precedine, section. Thusp the ' .]

values of Yi areit.he scores on the i-th test;` the values

.the factor scors on the k-th common -factor; the ;

values// of are the combned specific fa tor score plus

the error factor score on the i-th test; anJ., finally, Olk

is the factor loadinb of the k-th factor in the i-th test.

The sum of the specific and error factor is sometime called

the uniqueness factor.

Now consider a random samiplo of n individuals. We are

now introducing a second source of randor, ; .• --Any statement

that we make regarding the .comIpo3ition of Y is subject to

14



Substituting the sample estirrates in (7) and designating the

matrices on the right hand side by R1  and R, rospectivoly,

-we have an expression for R which can be identified with (7),

g ivins .

RI =FPP'F' , and R E1 2

"We 'hotice that - R differs from R only in the diagonal

elements. The matrix R1  is called' the reduced correlation

matrix and its rank is equal to. the number of common factors

me In practice, due to the errons of sanlp-ling. the rank of _R

will'be p' and. one faces 'the question-of -whether-or- not -the--- - - -

observed matrix R- can be sut.'iciently well approximated by

ft -- a matrix of lower rank m,.

II,.

in the dip(o6oa-. 61' the- rxeduced c6rrelation matrix is called.

the commuia.lity and, for each i, -h,,2 represents thatpart " .

of the t..o tai varihnce (unity) 'whic.h is due to'the common fae-

v" "torso

This may be cleareri~f we consider a~ain the three measures

on criminals.. Supposc that we postulate one Lpneral factor and i

error factors,., Usin6 L _or stature, *A for cubit and K - I

for kner heigh'r, we have .

H(<. ckX + a3

17



Suppose further that we have the ncralized Scores of 100

criminals on these tests (measures) and that we compute the

sample correlation coefficients, say,

r 050,
ha

-- hen - k 'pi

_____ __ .1. ,

u - h

~1~III
TeNjowtisosil thtw-

" Now it-is possible that-,ye know something about"odr errors.,

,.ay that we-know.

.. .. .. .2 , 1 = 1 ., 2 , 3 . 1
From- this it follows that the communalitios would .be

h 2n d *•. .

and te red'ce corr-eation .. would be . ,

R 1 = ~:;..8); .5 .8 -I I

•.7 .14 .8 I !

If our hypothesis is true, RI is of rank 1 which would mean '1

that every 2-rowed determinant is zero which would seem very

unlikely in this case. If we now make the hypothesis that

• .' . - . , " ...



a includes a specific factor for each test, we cannot..even

hope. tg estimate the 11ýfrom other sources. Jioweverj the

r~educed riatrix, is still of rank I if our hypothesis is true

and from R we can select the proper 2-row'ed determinants

- 2

and.
.5 2

Then ha'ving determined the v~lues of the. h's from these

equations,-we can-substitute them in the'.matri'x _R anCbiwae

9 decisip'n to aecept or reject our hypothef8±..? -If we!!decide

th a t the mhatr'ix' is.of, zýank_ 1 arnd.' that the -non-ero 'vaiue f

~~~~~s- prhla =oe eemnnsar de: to_'s anpling, errors,

*we will' then 6o on- to"'find tF:lad-gmari 'F The methods

*of factoring either the correlAt~i~n matrix oi< the'reduced

Correlation rnatl'ix.-are discuased in the next section.*I

We mayj s wmn a r iz 6 the situatibn in :tne foPilow in~ torms.-

Geometrical~l, the scores -y, 2,p 2p p) of each ....

indi ualcan D a r-grded as tlh;e coordifiatesofapitn

a p-dime~nsioa space. The mathcniatical rbe of fco

analysiý, consists in s~electinL a new set of axes of' reference

by whichl to describe the complex of vooints. In particular,
* the. question of dimensionality is important. We would like.

to find the spac e of minimum dimensions in which the pointsp,I

exoept for the ek'rors of samiplinLg, may be said to lie.J



SECTION t.

Methods of' Factorkin

-Al-temehdso fc-rig-_ytotanfr either the

c~orrelat:LIon matrix ory the reduced correlation matrix into a

__matrix -j of actor loadings which satisf'actorily reproduces

the -dataL- in s ome sens a. In most methods, the aim is to re-

-produce the correlations but there is s omeý vai-iat-on, in- aims.

The reproduction can be accomplished in mny asanth

4.Var'ic' -s mnethod~s arise from' disagreeme'"t as, to which- way is 7

a) ýThe method of' princi 1 esor Jxr nc paI copýen

_61 I~~9l K Rl Par son pýroposed essenti ally the method t1ht

HotellinL;, favored Iin hilwalknw papor Of' 1933 on pritici,,

pal com~ponents. Hotellihg's article gIves a pýrecise 'sta-

tisti\eal treatment with direct reference to factor a -- - -i

and the sampling theory involved.

In thP.i method, it is 'assumed that the X' a are inde-

pendently arid normnally. dis tributed.!'- The second assumption is
made that there are as many factors (Hotelling's components)

as tests. However, as IHotelling t s procedu~re is an iterative ~

one,.it can be stopped after the extraction of' any nuLmber of

coiuponenta if., one -deems that the residual variance is Small

ienough to be due to random errors alone, The. essiumpt, on made



-I

with respect to the a's will determine whether R or Rl,

is to be factorsd. Further, since it is assumed that the

common factors are independent; we have either R or RI

equal to the product of a matrix by itj• transpose.

The criterion. is that each factor (comnonent) shall be

so seleoted that it will account for as lavge a. part of the

residual varlance as possible. qeom'etriQally bie solution
.orresponds to otating the rectangular axes 'Y1 ,9 "'. Y.

"so' that the new courdinate axes lie alo.Ig the, principal axes

_ of th e-l-pse-i-d-s--of uni.form density-- Computa tonallyt .. h..

solution involVes find.npg the roots of the'determinantal

equat on IR Ail = 0i w*ere -I isthe identity matrix. -.

It is interesting \tha-t-the application,.of other-criteria /

will give,. th- same-so-lution. Girshick1(1936) showed that if
all the tests have U.Ual0 v" "e. ... .. -." -

then the principal component is (i,) that.linear function of,

-the YIs .which-has the least variance due to errors of
measurementt (ii). thai!nar function Y.t-- U- -such that

S..tion. tw.e.- e un o

and each variate is a maximum, (iii) equiValent to the, maxi-

i, .uftL"T!likelihood estim~tes of the'factor loa'dlngs;s.

* .. The method of princ.pal components has often been at-

tacked by psycholoists o ,the j rounds that there is no de-

crease in the number of dimensaions, that there is no provision I
for specific factors and tbhat the components are without psy-

chological significance, jThe first two objections were answered

by both Ho'tellia U rilhick n tht one need not extract

22



'l p factors and that one can factior R1  by this method

as well as R, However, the fact remains that the coomrponents

do not have psychologi~cal meaning in the sense that the load-

ings are: not invariant if other tests be added to the battery.

It. sh4ould also be noted that althouphý;thporetical1y the mothod

,,iVArv _Satisl actory the:.labor in iolveid in-the c-orputations

may be excessive,

-Ti-lez on-the irethod'of~ principal--comp,on)e-ats:- Davi_4 (1947t) <

Qirshick (1936), 9.Green (1950)s Holzianger' (194.6e),

11:0telling (193_3), Roos (1937), Thomson (1931j)-

b)Spearman's theory of. two factors.,

-~~~- ! _f~ernan's hypotheses of' one general factor I n pcfc atr'i xrsedi~stii- 
'0 ___

-ý, .. a , __

Then.: it 4C- blliows that the redneed correlation ~Arx us

J> e of -rank one and, f aoiiA thief tat.

Fi I.'T' .jis 011

which iao the well-krnown tetradt-differelice euto.The 'au

* hi of the communi-alit-y can Utnbe dctermiftd troia aue'

- ri Fsi~

There. has betin d-isawr~o, Went among the psychologists with re- .
gard to the-existence of "g'1. Thomson has shown that the

11hierarbch:P of' SpearmaKn-;'1ah be formerd without the' ex.istVnce, od

a generai f'actor. In connection with the* application of, this]
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I.

method in practice, the &xperimenter diacards tests from his

battery until he arrives at a battery which satisfies the.

tetrad-difference criteria. This would seem a 3'ather circu-

lar process.

Articles on the two factor theory: Alexander (1935), Bartlett

(193$), Brown (1934, 1935), Brown a~d Stephenson (1933),

SBurt (1909, 1949d), Darmois (1b36), Garnett (1933),

.. - _Garrett and An astasi (1932), Girault (1911t8), Guilford

and Michael (19.48 )A Holzinger (1930, 1%4), Irwin (1933,

""1935), Line and Hlednan (19j3, 1935), Piag'8io (1933b).

Speanmah (1904i :1933), Stcphenson (193.), Thomson (1916,

1919, 1934, 1935), Wginberg (19L5,-1946), WNilson, E. B.

(1928, 19ý34), Wilson, J. H. (1935), Wisliart (1933).

C) H olzirineer' s bi-factor•.theory.

- • ....... --�- -.... - ,o ,., -- extensn D-f'--thhetwo- factor theory to allow ...... .

7or the presence of group. factors. Holzingfr divides nis b at- "

-- tery of tests into,, say, r grou~ps,.- G G2 ,.., Gr, and

-postulates that for any test i belonging to.Gh, h 1., 2,o..o r;

,-i i il = 1, 2, . , p

= cj iIXIJ +0 Cihh CL 1, 2, i '

£ror the prpose c'f selecting the G he `1A3 d.ofinod thc B-.

. oo'efficient, the coefficient of' belonging, which is the ratio

-. (expressed as. a per cent) of the average of tT.ie intercorre-

lations of a subset or group of variables to their average

correlation with all remaining variables. A decisive change .

r ~24 -



in the B-coeffieient indicates the two tests belon: to differ-

ent groups.

We see that m r + a, a 0, and the further as-

sumption is made that the X's are uncorreIated. Since the

matrix. RH is then of rank (r + 1) all (r + 2)-rowed deter-

minants must be zero and the solution is analo to the

two-factor, one. In- using this technique also, the experi- -

menter selects the tests in his 'battery':to agree with 'the

criterion,,

Articles on 'the bi-factor theory: Holzinger (1946b), Holzinger

and Swineford (19ý9, 19%6 ), Swineford (1947)9 Swineford

and tlolzinger (1942), TIhoms'n (l938b)..

-. d) Th 'multiple-factor.method..

but with no particular Linsistence on either a general fac tor

op tho way in which the factors are distributed within the

tests. It is assuned that 0 < m-< n" a,' 0 and that the

X's are "utcorrelated. Since a -sp cifio-factor--is po6tulated,

" _the. reducd .corrlation matrix, :R1 = FPP,. FF',. since
PF' = I, i• factored. The crlteJion is to selec.t the comumu- .

nalities hj2 so tha't the -ank of R1  namely m, xiil be' a

The procedure which is most widely. used is Thurstone's

centroid method. The first centrold is essentially. an aver-

- -ae of all estSth hclude,. , in the avbrag/.. This method, is als.
the one of the multiple factoring -AethodS wtch seems most

.2 Ihseem ms



zusceptible to statistical'treatment, since the f~actors found
can be interpreted either as J.rs 1prxmatn tloe ngs

pr'incipal components or as correlations betw~e~en each variable.

and the-sum of variables.

Cpmputationally, the centroid-method has a great deal to

r~ecommeond it. It is much easier and faster than the method

-of principal components.

Articles on multiple faitortez~f ~adr 13) hw

'~(1949c, 1950a), 0" larlk (194j4)p Cox (1939)o Hiolley

I U.'7k941L rio nger (l-0,4-4,19a), 6-ýeJ'f~fris(948

Kerll6  (194.8), Mac"Crone and Startfiel4a (l91j9)vRoff

(137), Thoirson (98)Tustne (1433, 19 a.

.194j9a, b).

Articles pn comnmunaliti~es:, Mvedlandý 194-~7) Mosier (1939),

-~A )Oblique factors and simple. structure.

An objection to the, ators obtained by the previou;a

methos. i a that they h av e no psychological stgnifilcance Por

are any such claims made for them... Thurstone believed that,

if the fftetor load i ngs would re~ain invari~ant,-for any. givan

tesdt when~ analyzed. in different battcriu-iz the-n r,14- f'aet o r s

Kwodld be irrianingful.

Thurstone .arrived at simplestructure by considerinjý the

fac~tor space. In this space. each. test can be rep .resonted by

apoint w~hcodntsequal to the loadIrigs of thewt corfnae actors.

He! 'elt that i'-.one woO .l -rotalte the axes until the' resut26I



in6 fi~u±re was in some simple fonnm, the nor axes would have

meanin6. In a space of thre~e factors, imagine the set-of

Points representinLg the p tests and join these points to

the oritgin. Now extend th~e v c-t-ors ~tirboui,ýh the points and

cut --a eý-n b plane perp~n'di-lar to the MofT~

~efltrQi'd -or first factor extracted. If simple structure ex-

Sthe patte-Pn~cf dosmade -1y the interaectlons of -t he

~-etenedvecors wth~~reTl1ewll o~a -triaig-le.- -M16

__ factors that thu~rstone has *n~lled primary will" be the edges

VA_* thls _PYrpwajd. T__ uriteri-on-for de-t~e.rminingýý--the-position

eIf the rotated _axes is, to nsýimize' the n -,brof zero load-

"!~.Not all batteries -can be tranisformied-into simple struc-

ture but 1'- itecan be attained "then Thurstone believ'es that

the 1'actraýill -ha've psychological si'~nif icance. and certain

instst onv prtho..ona i.t y after rotation; that is, lie Pjermi'ts

the factors to be orrelated,. The other point off difference-

-Ite~ ipo ztructuro and other methodz of i'actoring is

that there- Can- v no. _ýeneral facto r. If there is a :general-

factor it will arpear in the corFr1ein',.ns between th,-c'fzC tors **

f ound by simple structure...

Articl~pson simple structure and oblique factors: *CAttell

(194~6,- 194!7b, 1949a), Oattull and Tiner (l91fy 9), arris

and Knoel (9 ).Holzin~er '194~7), fleyburn and Raath

(1949), Saupdeirs (1949),,; Thomauxn (19.365, 191±9),

Thurstone (i-'946cY, Yela (1949)# *



f)Maximum likelihood solution,

The maximum: likelihood .solution was given tirst by

Girshick and later-by Lawlefi (1940). Both Girshiek and

Law.ley aslpuned that the X'ls and a's were independent and

normally distributed. In a second paper, Lawley gives the

solution unider; the as smptyon7s that the- a' s but. not n~eces-

saily the X's ore i pdan t random variables., normally.

distributed with common ~variance, -This is theoretically-per-

h-aps the most ;satisfying sluu-on-.or all.~ ~ _

Ai'ticlas on the maximum liI~elihood '-olution: Ermxrett (l949ý).,

Girshick (l96,Lawley (1940,- 1941, 1943at 195,C)I

Yug(1941).

-AD Aprcxiiatt'bn to a matrix byon oflwerak

- -- her h~-P~e smeinterestin p&e ..-on this subJeqt

__ ____- ~hic-i-aVe--tr--ated "the mahetic&ial pet61m tia-

proximatic-n with an indication of how the solutions apply- to

the pr~obleX'in f~actor analyals.

Arti~clos on the approximation' of" a ma~trix: Eckart'arid Young

(936)o, Gut tman (1g$,Householdler 'and Young (,1938'),

-h). Inver tý.Cdac tor tech~iq),iae.

7 iStephenaon who was intered-ted in thb isolatio-n of' person-

al.ity traits suggested the, use ý:of p~xistlng techniques of facto;

analysis to study tlh.e oo6rrelatl-ons,: betwer6A individuals rather

than. tests*-. Thus in.fs-Oad of thb usual eorrelation table



-invol.ving-the correl~ations between testp., we would have a

correl~ation-table involring correlations betlyeeu persons. The

faetoz'5 of such a correlation matrix wo~uld bel types& of Indi-

-Viduals~ rather than traits of personality. Stephenson at-.

tao'ned the label of in-verted-factor tfechniqiie to this process*

Burt advocate6 LIe principilo that, Z'aoors should be thosen

-,so' that -the sarae re-quits ..re Eiven whether we'ana-lyse tests

-or pesn ~h e factoxsa-ngl1o the one ai~alysis

being the loadings, and,,f actors "f the other.

Art ac1-as on the 'inve~rted-f.ac-tor--teeohn-ique. -Burt (:L93 I -933)~ 1. __

-- ., Cattell and Rhymer (1947)p peel U.(..61  Sadr (19b?9)

*Stafford and Hau- (194.7), Stephenson;. (.193,6a)'G

29
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SRECTION5

Corn ýtational Procedures

Since ainy discus'sion, of procedures would be long and -

_ - te~h~ii~a1~ ertfent ~papera~are-1isted without-onit.-- _ _

-~~~ -- A - 4J

- ~ a) -on',, mnatr i~x-theor y: Ait~en (19 ,a3 b) Albert -(194-4a, b

Dwe '1941), Etherington, (l2 F~ructr. (1949),

Hotellirag (194'3-a b,1942), Iede~rmann (1936, .1937a,

T9?b 1938b, 19')9a), Slater (1947.),.-Vaugh and

____Dwyer (194:5),- Young and Hýouseholder .(1938).

b) On -iteraLtive,--and si~mpl±Iied procedures: '-Adoock

(1946), Berry (1945), lod(1940.),p¶tm1 14)

Hoiziniger (1949), Horst (193Z), Hoel (93

1936b), Kelley and Salisbury (1926), Lubdr'sky

and Ilornada (148,Ri qhardson..(195O), Spearmj.

(1934),r Thomson '(1936b), Ullman (194-4), ,Van Boyen

(194A) Viaugh eJ~D er r y (19\491) Zitiiuerman

(1946).

c), on the ~stirnation, of~ mini-tal -fact ors: Bartlett (98

Burt (1044a), Guttrpn. (194-0), Gttran and Cohen

(19c43), Herrnar (193,.)ý, Ledermanrn (1938C, 1939b),

-- -- ----- Thomson. (1937, 'i93 8a)"
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SECTION 6
is

Related' Methods of Analysis....

___ __There -ra-other methods, pf anAlV'sis--o'--corriel-etions-- - __

ifhose obje~ctives are closely allied tn factor analyse.

Th~ey includle'the -cluster analysis of Tryon, the confluence

analysis .oif'Fzisch 'and the pa'th coefficients of ftig1t'.

Tryon has a very simpi p_'o i10 analysis to,-detect si.n±l-

arltt.., "betwen~igoupsandhe-also has a more precise but

a more laborious mnethod which ,give-s _hxowpver moro stable -_ _

"resulto. ..Fris~ch 'became interested ýin the clusterinE of-

tests thr'ough his concern wf -h mu'ti~ple regression'ec~iations.

Hewntdtoareasonably ce rtain that, or exar, ple~ the

three variable-s"he Wtas using to prodict. a fourtfi were not

oaf the 'aestraight line, and that he would not C~et a - -pt'

Vi ~ous plai'e. Dela-porte has 'g Iven a graphic inethod fbr thie

location of group factors. His method. denqnds 4,ux).Dn the

* oerlapping ofcn ,dnce iritervaLs- Iner~ ed f or the I

ratios of thd correlation caefficie-'its. There iwoutld see:iI
to be s ome danger that -if the nu~mber- 6,f variables is- very

l.oige-. the pDrobiability of non-overlap :ue -prely 'o .rrors.

of- Chance wouid not be neglible. ' I



Artic:les oli rolated ir-ethods Of aiialysis: Cattel)- (1049'b)2

Delaporte 0L939a, b. 1944, 194,6a., b, 1947), DYrisch

(3034), Geary (1948), GenE~erelli (19403), Kooprlafls

(19311), Tryon (1949), ',right (1934), Young (193 7).

............

_N~x\

341



111 ION 7

D~istribution, Theory. and -'Tests of' Signf carrce

The var iab lesp t o be- "anha 1ysed -are subject to samp~.ing

errors. Of two-Aquite d if f2 e-ieyt 'kind s. i 'Thne f £5i~t; -lee - - ----w

have a sample oi7 12 individuals from 'a, finite or 'an.;,.nfinite

population of individuals ard, in the second placd 'a sample

Of tests aro i n t~ rininite-populato 1f tGe ss.

Whi le it is qui te likely that the, sample of' individuals has-

been r.- doml~y'selected i'ti ui osbeta tes tets'

have been sa, oted with a particular pur pose An -view and

do, not, ti £'ef ore form a random sample of' tests. The

IJAmiting distri-11utions of maily.y ci the A`Uiatistics used in..I
factor analysis are 1knowna. Th.s theoryVhas been develope&d

*with respect -to ,the6 roots O~f the' deterininantal equation } I

In th1-e method of principal domponontcs, to the tetrad'I

differences, the canonicail correlation coefficients,\and I
so on.. Various tests',of signiif'icanc6 liave been devised forI

the rank of. a wat~rix. the tetrad differences and the

residual va!,'ianees.. Riers~l and Koopmans have do'ne very

interesting'ý'work on thidentifidbilityýofl~h a



F

Articles:

/ a) On distribution theory: Anderson (1946), Bartlett

(1947a, b), Doob (145.), Hsu, P. Lý. (193 9, 1941a,

1941b7 c, l949.j.Spearman (1937).

b) On tests of' significance: Emmett (1935),' Hoel (1937,

1939), Hote uing (1933), McNemar' (1941, 1942),

-Mosier (1939), Saunders W1948), 'Wishart (1928)".

c) on. consiste~ncy of the factors: Fiskp (1948.),

- Har sh £122!40LSi-sk_(1939), Young ip-d Hiouseholder

(1940)i.

d) On' the effect of selection., Aitkeni,(1935, 1936),'

Cui'eton and "Dunlap 4L93Q)t De~gan (1948), LaWl'ey

-(1943b)t Ledermann. ('193 8a., 1939c), Thoms'on (1937,

198 )Tomso an Ledermanui (19__

C1. 9,45a).

N,



SECT TON Q".

R e1a t ion of Factor Anal - sis to Other

Sa~t-!sticaI__Teqbniaues__

a) Internal *and!ýexterrnal factor analys'is-.

Tho phr.Oo, t'ntorna1 and oxtornal factbr analysis. du,^,

to Batet th' ao~itxast of' Lhe transformation'

-of a single, set of variable's into components (internal or

-factor analysis) to, theg transformation of oie Z-r o -ip of

vr abl's ujt copoi!ents with "reterence to an exterznal --

__ _ criteriorti amely the othet~ group of variables (exterhlal _ _

&n Hbt6 11ing" imos t predictable criterion). -Bartlett has

wriitt~ig a-good exposit~ory ar'icile pn this'subject. Tho'mson .....

h __ -.ha -been int-ezrp isted In +'r -- -6± 1os 1r-

dictable, criterion witih reference to bat~tery' reliability.

Articles on internal and ezdternal factot analyýsis: Baten.

(111,Bartlctt '(19-41, O 198.), ot-lling `1l9350. 193)

Peel (1948), Th omson (1940b,1 194', 1948b)~

b) Regression *theory and fact'o'r anialysis.

T*.e essential difference betwe i. tol ersso x

-fcor. analysis is in tha- fj~t that- l-ije'grso -

V -h t; I'U M-ple -. ,"eclt4O



is coiIcerIned with a deienidi.,xt variabloi while there are no

dependent variables in f'actor analysis. In botb~ analyses.

one works ivith the,; same ritatzrix of' correlationis and with the-

roots of the zanie. determigiantal equation, so that techniques

of' one can often-;.be usec1 In the other.

Articles 0on I'e6±'USsiko-n theory and factoxr analysis: D~wyer

(935'1~~~j~tL~ n Cpheil %1943~ 1 o n

Slater (1949y __ _ _

c). Analysis of' varian C and e:QtUviUr xlysis j

Brin an expository haspJ!ne out th6.

s8imilaritiet-of' analys-is of' vari.aid'e and-,"f d.ctor-aha-.-Y-s-is.

Bartlett has given' the warning that the a,,'alogy should not 1
.be pushed too' far snee 'factox rn Jrysis

xý,anIyistreats the;i" een

-__tests-as diffprpnt-!v_ iphjacic -Au 1 e ana1p'S--f -vr 4an--

would aýteLmpt to, treat them all- in terrad o on vari.abIe.-,

Irticles on analysis of' Var ianc,ý Alid ad'ator analysis:

___Bartlatt- (190?~-a-94- BurtL. (l4a) -

t CI94



SECTIONl 9.

The Applicotions of F ac tor Analysis.

a - a) Te military porsonnel.

The items in the f olludi na list either 3?fer. to the
ý7-I

niethIods. that were,! , tuallyue -tep~e~oto'mndr

-ing the P ast war d-r o' mrea direct15 t o thp use of f-'a6-tor" arialy-

sis..on d~ata fromn the ar':cd fore-es. F'actor analpsis has been

usedaquite eX ten s Iv .1 ' Ot-% ~n this 'ou~it and' in -!recat

Britain,

Books: ''Deemer (1947), D.a3ois' (19)47),v irs~e c (191±7), 1J35

__ -777 ~l94Q) ,vernon arid-Par-rN94-9Y-k

Articles' on. aýpllca rion of factor analysis to military p'ezsorinel:

Barilks {l94i30,# 1919),L r 44'0, 19)4b), Burt and Bar±.ýs

* -(f)Virter anid Dudek (194.7))- C-mp 0pos-tt factb-or- ~axl-.-ysý a ---

sunruiary (1.9)45), Oonrey (1941(9)) C ottle (1950), Dravig (19147a)#

Deeraer and --a CfertY, (19L4"OP, Dudek .(194.8), V'indley~ and,

Andreg (r)'/) Gul1f ord (1941  1.7) Guilrord and

Zir~nritan(147, jiUcbael1(194.9), 'Aa±Tfertby and De eme-i

(194.9), Rff (1950.), Vernon' (194.6, 194.7a).

bo) Other applications.

In this list, thher are; in addition to the direct appl4-

dolnso fato _nlsa _s.i ] ihc l~ eea efq



used in practice as cbunselln6 techniques.

Books&% Burt (1942)v Horst, Wallins Gut tman (103) Kelly

(1914)p 'Thorndikeo 9. t, ,(193k), Tharndike, R. L-.

(1949).

Articles on applications: Andrews, (1943),, Balinski. (1941),

Brog~den (1944)p Brodgen and Thomas (1943)i Burt (19116,60

CattelJ. and Wi~spe (19%8), Chapmnan (1948),.Clarke (1940),

UU~~.,...WhSg )fl LýDavILU1J -and~J.± CarrolY-(-1945) 7

bavi~ (1944.), b~ett (1941.9 a) Eysenck and Growvn (1949),,< '

(IVý)vF-ruchter-(198) 1ae 1947), Goodan,
(1944)p Gosnell and Schmidt (9,36),v Gujird f' 98)

2 1-lastead (1945)v Harr'is (1 948a, bý), He1JA'ritzsh (1945),..

*Herdan (191t3), Jeston (-Q-1 112 IIQL7), Howie.=C19h~ HSO Tq. --
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